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Abstract. There are many different crossed products by an endomorphism of a C*- 
algebra, and constructions by Exel and Stacey have proved particularly useful. Here 
we show that every Exel crossed product is isomorphic to a Stacey crossed product, 
though by a different endomorphism of a different C* -algebra. We apply this result 
to a variety of Exel systems, including those associated to shifts on the path spaces of 
directed graphs. 



1. Introduction 

Everybody agrees that when a is an automorphism of a unital C*-algebra A, the 
crossed product A Xq, Z is generated by a unitary element u and a representation vr : 
A — )■ y4 xIq, Z which satisfy the covariance relation 

(1.1) 7r(a(a)) = UTx{a)u* for a E A. 

The covariance relation can be reformulated as 7r(a(a))u = utt^o) or u*7r(a(a))n = 7r(a), 
and, when a is an automorphism, these reformulations are equivalent to (II. ip . When 
a is an endomorphism, though, these reformulations are no longer equivalent, and give 
different crossed products. Thus there are several crossed products based on covariance 
relations in which u is an isometry [SI [38l [12] , and still more crossed products in which 
M is a partial isometry [291 E] • The crossed products of Stacey [38] and Exel [12] have 
proved to be particularly useful, and have been extensively studied, for example in 
[231 El [32] and [la El [H]. 

Stacey's crossed product B Xq, N is generated by an isometry s and a representation 
TT oi A satisfying TT{a{a)) = S7r{a)s*. His motivating example was the endomorphism a 
of the UHF core A in the Cuntz algebra On described by Cuntz in [TT], for which we 
recover On as A x q, N, and is especially useful for corner endomorphisms which map A 
onto the corner a{l)Aa{l) (see also [331 [5]). Stacey's construction has been extended 
to semigroups of endomorphisms, and these semigroup crossed products were used to 
study Toeplitz algebras [21 [21]; they have since been used extensively in the analysis of 
C*-algebras arising in number theory (see [221 [6l [221 [23 [23], for example). 

Exel's construction depends on the choice of a transfer operator L : A ^ A for 
a, which is a positive linear map satisfying L{a{a)b) = aL{h). He uses L to build a 
Hilbert bimodule Mi over A, and then his crossed product A x^, j;^ N is closely related 
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to the Cuntz-Pimsner algebra 0{Ml) of this bimodule (the precise relationship is de- 
scribed in [S]). The motivating example for Exel's construction is the endomorphism of 
C({1, ■ ■ ■ ,n}°°) induced by the backward shift, for which averaging over the n preim- 
ages of each point gives a transfer operator L such that 0„, = C({1, ■ ■ ■ ,n}°°) >ia,L 
More generally, Exel realised each Cuntz-Krieger algebra as a crossed product by the 
corresponding subshift of finite type, thereby giving a very direct proof that the Cuntz- 
Krieger algebra is determined up to isomorphism by the subshift. Exel's construction has 
attracted a good deal of attention in connection with irreversible dynamics [151 El HD] , 
and has also been extended to semigroups of endomorphisms with interesting conse- 
quences [271 E] • 

Here we study a large family of Exel systems {A, a, L), and describe a general proce- 
dure which builds a corner endomorphism /3 of another C*-algebra B such that Exel's 
A Xq,l N is naturally isomorphic to Stacey's i? N. In our motivating example 
(C({1, ■ ■ ■ , ri}°°), a, L), we recover Cuntz's description of 0„ as the Stacey crossed prod- 
uct by an endomorphism of the UHF core (see Remark 15.41) . Our investigations of this 
construction have led us to some interesting new examples of Exel and Stacey crossed 
products associated with graph algebras and Cuntz algebras. 

We begin with short sections in which we describe the two kinds of crossed products 
of interest to us, and a family of relative Cuntz-Pimsner algebras associated to Exel sys- 
tems. Then in §H we give the details of our construction of corner endomorphisms, first 
in the generality of relative Cuntz-Pimsner algebras, then specialising to Exel crossed 
products and Cuntz-Pimsner algebras. Then we derive a six-term exact sequence in 
i^-theory from a result of Paschke [3lj about Stacey crossed products, and compare our 
construction to a previous one of Exel |13j . 

In Uni we consider a directed graph E and the Exel system {C*{E°°), a, L) introduced 
in [9], and obtain a new description of the graph algebra C*{E) as a Stacey crossed 
product of the core (which generalises results of R0rdam and Kwasniewski for finite 
graphs [23 EI])- This led us to revisit Exel systems involving other endomorphisms 
of the UHF core in Cuntz algebras, which we do in ^IHl In §3] we needed a detailed 
analysis of the core in the C*-algebra C*{E) of a column- finite graph, and we describe 
this analysis in an appendix. 

2. Exel systems 

An endomorphism a of a C*-algebra A is extendible if it extends to a strictly con- 
tinuous endomorphism a of M{A). Nondegenerate endomorphisms, for example, are 
automatically extendible with a(l) = 1. In this paper we are interested in Exel systems 
[A, a,L) of the kind studied in [S], which means that a is an extendible endomorphism 
of a C*-algebra A and L : A ^ A is a positive linear map which extends to a positive 
hnear map L : M{A) M{A) such that 

(2.1) L{a{a)m) = aL{m) for a G A and m G M{A). 

Equation (12. ip implies that L is strictly continuous, and we then assume further that 
L{1m(A)) = 1m(A) (but not that a is unital). Following Exel [12], we say that L is a 
transfer operator for {A, a). 
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We write Ml for the Hilbert bimodule over A used in [S], where the construction 
of [121 E] was extended to non-unital A. Briefly, A is given a bimodule structure by 
a ■ m = am and m ■ b = ma^b), and the pairing {m , n) = L{m*n) defines a pre-inner 
product on A. Modding out by the elements of norm and completing gives a right- 
Hilbert A- A bimodule Ml (or correspondence over A). We denote by g : A — )■ Ml the 
canonical map of A onto a dense sub-bimodule of Ml, and by the homomorphism of 
A into C{Ml) implementing the left action. 

We are interested in several C*-algebras associated to Exel systems, and more specif- 
ically to the bimodule Ml- 

2.1. Relative Cuntz-Pimsner algebras. Following [12], a representation of 
Ml in a C*-algebra B consists of a linear map ip : Ml — )■ B and a homomorphism 
71 : A ^ B such that 

ip{m ■ a) = ilj{m)7T{a), ilj{m)*ilj{n) = vr((m , n)), and ip{a ■ m) = 7r{a)ip{m) 

for a G A and m,n & Ml- By [T8l Proposition 1.8], a representation (ipjir) of M^, gives 
a representation {^p^\ tt) of Mf ' := Ml'S)a- ■ -^aMl such that ?/'®'(mi 0^ ■ ■ ■ (g)^ mj) = 
ip{mi) ■ ■ ■ %l){mi)- The Toeplitz algebra T{Ml) is the C*-algebra generated by a universal 
representation (jmjJa) of M^, and [TSl Lemma 2.4] says that 

UMl) = span {jf/(m)jt/H* : z, J G N, m G Mf , n G Mf}. 

There is a strongly continuous gauge action 7 : T — Aut T(Mi) such that 7z(jA('^)) = 
jA(a) and jzUMim)) = zjM{m) [ISl Proposition 1.3]. 

A representation {ip, vr) of Ml in i? gives a homomorphism (?/;, tt)*^^^ : IC{Ml) — )■ such 
that {ip,7iY^\Qrn,n) = ilj{rn)ijj{n)* for every rank-one operator Om,n '- p ^ m - {n, p)- 
FoUowing [T71 §1], if J is an ideal of A contained in 0"^(/C(M/^)), then we view the 
relative Cuntz-Pimsner algebra 0{J, Ml) of [30] as the quotient of T{Ml) by the ideal 
generated by 

{3A{a) - {jM,3AY^\<P{a)) : a G J}. 

We write Q oi Qj for the quotient map. Then {kM.kA) '-= {Qj ° jM,Qj ° Ja) is 
universal for representations (^Z', vr) which are coisometric on J (that is, satisfy tt\j = 
(V',7r)W o If J = {0} then 0{J,Ml) is just r(Mi); if J = (I)-\1C{Ml)) then 

0{J,Ml) is the Cuntz-Pimsner algebra 0{Ml) of [32], and representations that are 
coisometric on 0~^(/C(Mi)) are called Cuntz-Pimsner covariant 

It follows from [TSl Lemma 2.4] that each 0{J, Ml) carries a gauge action 7 of T such 
that Qj is equivariant, and the fixed-point algebra or core is 

C(J,Mi)^ = span {A;f;(m)fcf;(n)* : m,n G Mf , z G N}. 

2.2. Exel's crossed product. As in [5], a Toeplitz- covariant representation of (A, a, L) 
in a C*-algebra B consists of a nondegenerate homomorphism ir : A ^ B and an element 
S G M(5) such that 

Sn^a) = Tr{a{a))S and S*n{a)S = n{L{a)). 

The Toeplitz crossed product T{A, a, L) is generated by a universal Toeplitz-covariant 
representation {i, s) (or, more correctly, by i{A)Ui{A)s)- By [9l Proposition 3.1], there is 
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a map -j/^s : — J- T{A,a,L) such that '?/'s(q'(a)) = i{a)s, and {'ipsA) is a representation 

of Mi. Set 

Ko, := n 0-^(/C(Mi)). 

In [9l §4], the E'xe/ crossed product A Xq,^l N of a possibly non-unital C*-algebra A by 
N is the quotient of T(v4, a, L) by the ideal generated by 

{2(a)-(^„2)(i)(0(a)):aei^„}. 

We write Q for the quotient map of T(A, a, L) onto A xIq,,lN, and (j, t) := {Qoi, Q{s)). 
There is a dual action d of T on A Xq,,l N such that az{j{a)) = j(a) and a2(t) = zt. 

Theorem 4.1 of [H] says that there is an isomorphism 9 of 0{Kai M^) onto A Xq,.l N 
such that 9 o kA = Qo i and 9 o /c^^- = Qo ipg. 

3. Stagey crossed products 

Suppose that a is an endomorphism of a C*-algebra A. A Stacey-covariant representa- 
tion of (A, a) in a C*-algebra B consists of a nondegenerate homomorphism tt : A ^ B 
and an isometry V G M{B) such that 7r(a(a)) = l^7r(a)y*. Stacey showed in 
§3] that there is a crossed product A x^^ N which is generated by a universal Stacey- 
covariant representation {iA,v). If (vr, V^) is a Stacey-covariant representation of {A, a) 
in B, then we write vr x for the nondegenerate homomorphism of A x^ N into B such 
that {it X V) o iA = IT and (vr x V){v) = V. (Stacey called A Xq, N "the multiplicity-one 
crossed product" of {A, a).) 

The crossed product A Xq, N carries a dual action a of T, which is characterised 
by aziiAio-)) = ^^(a) and az{v) = zv. The following "dual- invariant uniqueness the- 
orem" says that this dual action identifies A Xq, N among C*-algebras generated by 
Stacey-covariant representations of (A, a). It was basically proved in [S], Proposition 2.1] 
(modulo the correction made in [2]). 

Proposition 3.1. Suppose that a is an endomorphism of a C* -algebra A, and (vr, V^) 
is a Stacey-covariant representation of (A, a) in a C* -algebra D. If -k is faithful and 
there is a strongly continuous action 7 : T — )■ AvX D such that ^^{'^{a)) = 7r(a) and 
7z{V) = zV, then tt x V is faithful on A x^^- 

Proof. The conditions on 7 say that (vr x V){az{b)) = 72((7r x V){b)) for all 6 G A Xq, N. 
Thus 



{nxV)( az{b)dz) = / (vr x V){azib)) dz = / 7,((7r x V){b))dz 

^Jj ' JT JT 



< / \\^z{i^xV)m\dz= / WinxVmWdz 

JT JT 

= \\{nxV){b)l 

We now take {B,f3) = {A x^ N, d), and apply Lemma 2.2] to {B,f3). We have just 
verified the hypothesis (2) of O Lemma 2.2]. The other hypothesis (1) asks for ir x V 
to be faithful on the fixed-point algebra i?^ = (A x^ N)". However, the proof of [21 
Lemma 1.5] uses neither that A is unital nor the estimate (ii) in [2], Theorem 1.2], and 
hence we can deduce from that proof that ir xV is faithful on B^. Thus [5l Lemma 2.2] 
applies, and the result follows. □ 
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4. EXEL CROSSED PRODUCTS AS StACEY CROSSED PRODUCTS 
The goal of this section is the following theorem and some corollaries. 

Theorem 4.1. Suppose that {A, a, L) is an Exel system, and J is an ideal of A contained 
in (1)~^{1C{Ml)) . There is a unique isometry V G M{0{J, Ml)) such that kM{q{a)) = 
kA{ci)V for a & A, and AdV restricts to an endomorphism a' of the core Cj : = 
0{J, Ml)^ such that 

(4.1) a'{kt}{a-m)kf}{b-n)*) = kf+'\q{a{a)) ® a m)k'ti'^'\q{a{h)) 

for a,h E A and m,n E Mf\ Further, a' is extendible with a'{l) = VV* , is injective 
and has range a'{l)Cja'{l) . Finally, {id,V) is a Stacey-covariant representation of 
{Cj, a') such that id is an isomorphism of the Stacey crossed product Cj x^,/ N onto 
0{J,Ml). 

Proof. Since we know from [91 Corollary 3.5] that kA '■ A C>{J, Ml) is nondegenerat^, 
there is at most one multiplier V satisfying kM{q{o)) = kA{a)V, and we have uniqueness. 

When the C*-algebra A has an identity, we can deduce from the results in [H §3] 
that V := kj^jiqi^)) has the required properties. When A does not have an identity, 
we take an approximate identity {eA} for A, and claim, following Fowler [121 §3], that 
{kMili^x))} converges strictly in M{0{J, Ml)) to a multiplier V. Indeed, for a,b E A, 
m G and n G Mf ^' we have 

(4.2) kMiqiex))kf}{a ■ m)kf^ib ■ n)* = kMiq{ex))kA{a)k'^{m)k%\b ■ n)* 

= kM{q{exa{a)))kfi{m)kfl{b-nr 
^kM{q{a{a)))kf}{m)kZ\b-n)*, 

and similarly 

(4.3) kZ\a ■ m)kl}{b ■ n)*kM{q{ex)) ^ kf^{a ■ m)kli {nykM{q{b*)). 

Since L is positive and L(l) = 1, we have ||L|| < 1, and ||q'(eA)|| < \\^\\\ ^ 1 all A. 
Thus, since the elements k'f^{a ■ m)kfj{b ■ n)* span a dense subspace of 0{J,Ml), an 
e/3 argument using (14. 2 p and (14.31) shows that {kM{q{,^x))b} and {bkM{q{,^\))} converge 
in 0{J,Ml) for every b G 0{J,Ml). Thus {kM{q{ex))} is strictly Cauchy, and since 
M{0{J, Ml) is strictly complete we deduce that {kM{q{G\))} converges strictly to a 
multiplier V; (14. 2 p implies that V satisfies 

(4.4) Vkf}{a ■ m)kli{b ■ n)* = kM{q{a{a)))kf}{m)kt^ {b ■ n)*. 
To see that V is an isometry, we observe that 

kM{q{ex))*kMiqiex)) = kA^qiex), q{ex))) = kA{L{el)); 

since L is strictly continuous, L{e\) converges strictly to L{1m{a)) = 1m(A)- Since 
kA '■ A ^ 0{J,Ml) is nondegenerate, kM{q{ex))*kM{q{ex)) converges strictly to 1 = 

"'^We caution that this nondcgcncracy is not at all obvious, and even slightly surprising, because the 
representation tt in a Tocplitz representation (jp^n) is not required to be nondegenerate. 
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'^m{o{j,Ml))} since the multiplication in a multiplier algebra is jointly strictly con- 
tinuous on bounded sets (by another e/3 argument), we deduce that V*V = 1. Thus V 
is an isometry. Next, we let a G A and compute 

(4.5) kM{q{a)) = \imkM{q{aex)) = lim/cM(a ■ q{e\)) = lim kA{a)kM{q{e\)) = kA{a)V, 

A A A 

so V has the required properties. 

Conjugating by the isometry V G M{0{J, Ml)) gives an endomorphism AdV : T i— j- 
VTV*, and two applications of (14. 4p show that 



(4.6) AdV{kf}{a ■ m)kfi{b ■ n)*) = kM{q{a{a)))kf}{m)kf}{n)*kM{q{am* 



The formula (14. 6 p implies that Ad V maps the core Cj into itself, and that the restriction 
a' := (Ad V^)|cj satisfies (14. ip . The pair (id, V) is then by definition Stacey covariant for 
a' G End Cj, and we can apply the dual-invariant uniqueness theorem (Proposition 13. ip 
to the gauge action 7 on 0{J,Ml), finding that id xV^ is a faithful representation of 
Cjx^/N in 0(J, Ml). The identity kM{q{a)) = kAia)V implies that kM^ML) = k^iAjV, 
and since 0{J,Ml) is generated by /ca(^) C Cj and kM^ML), the range of idxV 
contains the generating set kA{A) U kA{A)V, and hence is all of 0{J, Ml)- 

It remains for us to prove the assertions about a'. It is injective because AdV is. 
Since fc^ is nondegenerate the image {kA{e\)} of an approximate identity {ex} converges 
strictly to 1 in M{0{J,Ml)). Hence {^'(^^(eA))} = {VkA{ex)V*} converges strictly to 
the projection VV*. Thus a' is extendible with a'{l) = VV* by, for example, [H 
Proposition 3.1.1]. 

The range of a' is certainly contained in the corner a'{l)Cja'{l). To see the reverse 
inclusion, fix T G a^(l)Cj^(l). Then T = VV*SVV* = AdV{V*SV) for some S G Cj. 
Since Cj is a'-invariant, to see that T is in the range of a' = AdV\cj it suffices to see 
that V*SV is in Cj, and, by continuity of Ad V*, it suffices to see this for S of the form 



k' 



'M 



(g(a(a)) ^a 'm)k' 



M 



{q{a{b))®A n)*. 



S = kfiiia ■ mi) ^A m')kti{{h ■ ni) ®a n')* 



where a, 6 G A, mi, rii G Ml and m', n' G 



. For i> 1 the calculation 



V*kli{{a ■ mi) ®A m') = {kA{a*)V)*kM{m,)k[ 



= kM{q{a*))*kM{mi)kJ' '{ 

= kA{{q{a*),m,))ktt'\^') 
= kfi'~^\{q{a*),mi) ■ m) 




gives 



V*SV = kl''^'\{qia*),m,).m')ktr\{Qib*),n,).nr G Cj. 



For i = we have 



V*SV = V*kA{a)kA{b)*V = kM{q{a*))*kM{qm) = kAMa*) , qib*))) e Cj. 
Thus T = AdV{V*SV) = a'{V*SV), and a' has range a'{l)Cja'{l). 



□ 
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4.1. Exel crossed products. We will now use the isomorphism 9 of 0{Ka:ML) onto 
A Xq,.l N to transfer the conclusions of Theorem 14.11 over to A y^a^L 
If {ca} is an approximate identity for A, then 

converges by nondegeneracy of i to Q(s), and hence 9 carries the isometry V of The- 
orem 14.11 into t := Q{s). The isomorphism 9 is equivariant for the gauge action 7 
on 0{Ka., Ml) and the dual action d on A yia,L N, and hence maps the core Ck^ = 
0{K^,MlV onto {A y^^^L^f. 

Next, we want a workable description of {A 'Aa,L N)". For m = g(ai) ®a ■ ■ ■ ®a lien) G 
Mf we have 

(4.7) fcf;(m) = kM{q{ai)) ■ ■ ■ kM{q{ai)) = kA{ai)V ■ ■ ■ kA{a,)V 

= kA{ai)kA{a{a2))V^kA{a3)V ■ ■ ■ kA{ai)V 

= /Cyi(aia(a2)a^(a3) ■ ■ ■ a^~^ {ai)^V\ 

and hence 9 takes A;f/(m) into an element of the form j{a)t\ Now 

span {j{a)tH*''j{b) : a,b e A, i,k eN} 

is a *-subalgebra of A Xq,^^ N containing the generating set j{A) U j{A)t, and hence is 
dense in A ><ia,L The expectation onto {A y<ia,L ^)°' is continuous and kills terms with 
i k, so 

(4.8) {A Xc^^L^f = spaii{j{a)tH*'j{b) : a,b e A, z G N}. 

The next corollary says that every Exel crossed product is a Stacey crossed product. 

Corollary 4.2. Suppose that {A, a, L) is an Exel system. Then there is an injective 
endomorphism /3 of {A >ia,L N)" such that 

(4.9) (3{j{a)tH*^j{b)) = j{a{a))f^h<^^'^j{aib)). 

The endomorphism /3 is extendible with /3(1) = tt* and has range tt*{A ><ia,L N)°tt*. 
The pair (id, t) is a Stacey-covariant representation of ((A x^,^^ N)°,/3), and idxt is 
an isomorphism of the Stacey crossed product {A Xa,L f^)" X/3 N onto the Exel crossed 
product A Xq,,l N. 

Proof. Applying the isomorphism 9 : 0{Ka,ML) — > A Xq,,l N to the conclusion of 
Theorem 14. II gives an endomorphism /3 := 9oa' o9~^ of {A x^ ^.^)" and an isomorphism 
id xt of [A Xq. ^ N)" x^ N onto A x^.l N. It remains for us to check the formula for /3. 
Let m = g(ai) ®a ■ ■ ■ ®Aq{(ii)- Then the calculation fl4.7p shows that 9 carries kf}{c-m) 
into j{caia{a2) ■ ■ ■ a^'-^ {ai))t\ and kfj^~^^\q{a{c)) ®a ^) into 

j(a{c)a{ai)a'^{a2) ■ ■ ■ Q;*(ai))f "^^ = j{a{caia{a2) ■ ■ ■ a*~^(ai)))f 

so i^M) follows from (gl]). □ 

Remark 4.3. Since we have identified how the action a' on the core of 0{Ka, Ml) 
pulls over to the Exel crossed product A Xq,,l we will from now on freely identify 
0{Ka, Ml) and A x^^l N, and drop the isomorphism 9 from our notation. 
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Example 4.4. We now discuss a family of Exel systems studied in [H] and Let 
c? e N and fix 5 G M^(Z) with nonzero determinant A^. (This matrix B plays the 
same role as the matrix B in [T¥| 1^ : because A is already heavily subscribed in this 
paper, we write B^ in place of the matrix A used there.) We choose a set S of coset 
representatives for %^ jBI^. 

The map ob*- : T*^ — T'^ characterised by (TBt(e^'^*^) = e^'^*^ ^ is an A^-sheeted covering 
map, and induces an endomorphism a^* '■ f ^ f ° (^b^ of C(T'^), and L{f){z) : = 
N~'^ J2a-gt{w)=z /(^) defines a transfer operator L for a^*- Proposition 3.3 of [26] says 
that the Exel crossed product C{T'^) xiagt,L ^ is the universal C*-algebra generated by 
a unitary representation u of Z"' and an isometry v satisfying 

(El) VUm = UBmV foT ITl G Z'^ , 



(E2) V*UmV 




if m G BZ"^ 
otherwise, and 



(E3) 1 = EmGAUmV)iUmV)*; 

we then have 

C{T'^) Xa^t.L N = span{M^ A; : A;, / G N and m, n G Z'^}. 

When we view C{T'^) >iagt,L N as a Cuntz-Pimsner algebra {0{Ml), Jm^, jciT'^)) &s in 
Remark |4.3[ v = Jm^ (?(!)) = t and u is the representation m H- jc(T'*)(Xm), where 
Xm(^) 2;'". Since aBt{Xm) = Xsm, Corollary 14.21 gives an endomorphism f3 of 

{C{T'^) >^«^,,L N)"^* = sp[n{M„^;V*X : i G N and m,n G Z'^} 

satisfying 

(4.10) /3{u„yv*'K) = UB,nV''-'v*^'+''^U*B^. 

Now that we have the formula for /3, we can prove directly that there is such an 
endomorphism. To see this, recall from [261 Proposition 5.5(b)] that for each i and 

J:r.= {^ll + B^l2 + ■■■B'-^^l.r. fieJ:'}, 

{umV^v*'^u*^ : m, n G Sj} is a set of nonzero matrix units. Thus there is a homomorphism 
: Ms,(C) M^^^^{C) such that Ci{uraV'v*'u*J = UBmV'^^v<'+^^u*^^. Let S denote 
the universal representation of B^^^Z'^ in C* {B^^'^Z'^) . Then the unitary representation 
B'^m H- 6Bi+^m induces a homomorphism rji : C*{B''Z'^) — )■ C*{B^'^^Z'^). When we 
identify d := spaii{u„,v'v*'u*J with Ms,(C) ® C*{B'Z'^) as in [261 Proposition 5.5(c)], 
we get homomorphisms 

A := ® : a = Ms,(C) ® C*(5*Z'^) ^ Q+i = Ms,^,(C) ® C*(fi*+iZ^) 

satisfying fl4.10p . The Cuntz relation (E3) implies that /3j+i|c, = A? and hence the A 
combine to give a homomorphism /3 : IJi^i ^« Ui^i satisfying (14.101) : since the 
homomorphisms A are norm- decreasing, ^ extends to an endomorphism of 0{Ml)"' = 
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4.2. Cuntz-Pimsner algebras. Let {A, a, L) be an Exel system, and let / be an ideal 
in A. Following [HI Definition 4.1], we say that L is almost faithful on I if 

a E I and L{h*a*ab) = for all 6 G A imply a = 0. 

Since 

(4.11) L{b*a*ab) = {q{ab) , q{ab)) = (0(a)(g(6)) , 0(a)(g(6))), 

L is almost faithful on / if and only if : / — > C{Ml) is injective. Almost faithful 
transfer operators were introduced in [S] as a necessary and sufficient condition for the 
the canonical map kA '■ A ^ 0{Ml) to be injective (see also [301 Proposition 2.1] and 
P Theorem 4.3]). 

In this subsection, we suppose that L is almost faithful on 0~^(/C(Mi)). Then, since 
kA '■ A ^ 0{Ml) is injective, we can use [171 Corollary 4.9] to realise the core 0{Ml)'^ 
as a direct limit, and obtain a different description of the Stacey system {0{Ml)'^ ,a'). 

We denote the identity operator on M®* by Ij, and write lC{Mf-') ®a ^-i-j for the 
image of /C(Mf^ ) under the map T T ®a ^i-j- Then, following [T71 §4], we define 

Q = {A ^A U) + (/C(Mi) ^A l.-i) + ■ ■ ■ + /C(Mf ), 

which is a C*-subalgebra of C{Mf'). We define 0i : Ci -> Q+i by ^i{T) = T ®a li, and 
define (Coo, '■*) := lh^(C'j, (pi). Since kA is injective, we can now apply [T71 Corollary 4.9] 
to the Cuntz-Pimsner covariant representation {kM,kA), and deduce that there is an 
isomorphism k of Coo onto the core 0{Ml)"' such that 

(4.12) K{i\T ®A 1.-,)) = (C, kAi'\T) for T G /C(Mf ) and ^ > j 

(the notation in [T7j suppresses the maps ). 

To describe the endomorphism /3 := o a' o k of Coo, we need some notation. 

Lemma 4.5. The map U : A ^ Ml defined by U{a) = q{a{a)) is an adjointable 
isometry such that U*{q{a)) = L{a) for a E A. 

Proof. The calculation 

(f/(a) , U{b)) = (g(a(a)) , g(a(6))) = L(a(a)*a(6)) 

= L{a{a*b)) = a*b = {a , b) 

shows that U is inner-product preserving. We next note that 

(4.13) {U{a) , q{b)) = L{a{a)*h) = a*L{b) = {a , L{b)). 
Equation (14.131) implies that 

\\a*Lm = \ma) , qm < \ma)\\ \\qm = \\a\\ ||g(6)||; 

thus ||I/(6)|| < ||'?(&)||, and there is a well-defined bounded linear map T : A such 

that T{q{b)) = L{b). Now (14.131) shows that U is adjointable with adjoint T. □ 

Corollary 4.6. Define maps Ui : Mf Mf'^^'> by identifying Mf with A ®a Mf 
and taking 

Ui ■= U®Ali- M®' = A®A Mf ^ Ml ®a Mf = Mf^'^^\ 
Then each Ui is an adjointable isometry, and 
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(a) Ui{a ■ m) = q{a{a)) ®a 

(b) U*{q{a) ®A m) = L{a) ■ m; 

(c) Ui+i = Ui0Al and U*^^ = U*^aI- 

With the notation of Corollary 14. 6[ we can now describe the endomorphism on Cod. 
We reconcile our results with Exel's [131 Theorem 6.5] in §4.31 below, and show there 
that Corollary 14.71 reduces to [131 Theorem 6.5] when A is unital. 

Corollary 4.7. Suppose that {A,a,L) is an Exel system such that L is almost faithful 
on {1C{A'1 l)) . There is an endomorphism /3 of Coo '■= lh^(C*i5 0j) such that 

(4.14) (3{l\T)) = i'^\UiTU:) for T e C„ 

and /3 is extendible and injective with range /3(l)Coo/3(l). Let k, be the isomorphism of 
Coo onto 0{Ml)"' satisfying fl4.12p . and let V be the isometry in M{0{Ml)) such that 
kAi{q{a)) = kA{a)V for a ^ A (as given by Theorem 14. 1|) . Then {k,V) is a Stacey- 
covariant representation of (Coo,/3) in 0{Ml), and k x V is an isomorphism of the 
Stacey crossed product Coo X/3 N onto 0{Ml). If A acts by compact operators on Ml, 
then /3(1) is a full projection. 

Proof. We define /3 := o a' o where a' is the endomorphism from Theorem 14.11 
Let a ■m,b-ne Mf\ Then k o L\ea-m,b-n) = kf}{a ■ m)kf}{b ■ n)*, and 

= kf^'\q{a{a)) ®a m)kf^'\q{a{b)) ^a n)* (using ^) 

= KO C'^^(Qq[a{a))®Am,qiM]^))®An) 
= KO l'''^'^ {Qui{a-m),Ui{b-n)) 
= KOi^+\U,ea.m,b.nU:). 

This gives firni) for T e /C(Mf ). For j < i and S e /C(Mf^), we have 
/3{l\S(»a h-,)) = f3{i'{S)) = L^^\U,SU*) 

= i'^\{U, ®A h^,){S ®A h^,)iU* ®A 1.-,)) 

= l'^\U,{S®a h-M)^ 

and adding over j gives fl4.14p . It now follows from Theorem 14.11 that k x y is an 
isomorphism. 

Now suppose that (p : A ^ C{Ml) has range in /C(Ml). Then A(^a li = 0(a.) belongs 
to K{Ml), and hence Coo = [JZi i^(/C(Mf )). Now for i > 1 and m = m' ®a g(a) and 
n = n' ^A <l{b) in M®*, we have 

Kii\Qm,n)) = kf-'\m')kM{qia))kM{q{b)rkft'\^r 
= kt}'-'\m')kAia)VV*kAibyktt'\rn'y 

= kf-'\m')kA{aMMmA{brkf-'\mr. 

Thus each t*(/C(M^*)) is contained in the ideal generated by /5(1), and /3{1) is full. □ 
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The following exact sequence for the i^-theory of 0{Mi) looks a little different from 
the usual ones (in [55] or [20], for example), because it involves the core rather than the 
coefficient algebra. 

Corollary 4.8. Let he an Exel system such that A is unital, L is almost 

faithful on A, and A acts by compact operators on Ml. Let (Coo,/3) be the Stacey 
system constructed in Corollary H.Ti Then there exists an exact sequence 

(4.15) Ko(Coo) i^o(Coc) — KoiOiML)) 

Proof. Since A acts by compact operators on Ml and A is unital, the identity operator on 
Ml is compact, and Coo is unital. The range of /3 is a full corner in Coo by Corollarv l4.7l 
Hence Theorem 4.1 of [M] gives (14.151) . □ 

4.3. Connections with a construction of Exel. In [131 Theorem 6.5], Exel shows 
that if A is unital, a is injective and unital, and there is a faithful conditional expectation 
£^ of ^4 onto a{A), then his crossed product AXct^a-io^N is isomorphic to a Stacey crossed 
product ^ x^/ N. The C*-algebra A is by definition a subalgebra of the C*-algebraic 
direct limit of a sequence of algebras of the form £(Mj) for certain Hilbert modules 
Mj. Exel's hypotheses on a imply that L := o i^^ is a faithful transfer operator 
for a satisfying L{1) = 1, and hence that : A — )■ C{Ml) is injective. Thus the Exel 
crossed product A xia.L^ is the Cuntz-Pimsner algebra 0{Ml), and Corollary 14.71 gives 
an isomorphism of Coo X/3 N onto A >ia,L N. It is natural to ask whether Exel's system 
{A, f3') is the same as the system (Coo,/3) appearing in Corollarv 14.71 

Exel's module Mj is the Hilbert module over a^{A) associated to the expectation 
a* o L* of y4 onto a^{A) (which he denotes by Si), and hence is a completion of a copy 
qi{A) of A. By restricting the action we can view Mj as a module over a^~^^{A), and 
this induces a linear map jj : Mj — )■ Mj+i; Lemma 4.7 of [13] says that there is a 
homomorphism 0j : £(Mj) — £(Mj_,.i) characterised by (f>i{T) o jj = jj o T. (Exel 
writes the maps jj as inclusions.) Since L* is a transfer operator for a\ a* o L* extends 
to a self-adjoint projection ej in C{Mi). Exel's C*-algebra A is the C*-subalgebra of 
lin^(£(Mi), 0j) generated by the images oi A = C{Mq) and {cj : i G N}. Propositions 
4.2 and 4.3 of [13] say that a and L extend to isometric linear maps Oj : Mj — )■ Mj+i 
and Li : Mj+i — >■ Mj, Proposition 4.6 of [T3] says that the maps I3[ : T ^ ai o T o Li 
are injective homomorphisms of C{Mi) into £(Mj_|_i), and Proposition 4.10 of [13] says 
that they induce an endomorphism /?' of lii^(£(Mj), 0j) which leaves A invariant and 
satisfies /3'(ej) = Cj+i for z > 0. 

To compare our construction with that of [13], §4], we use the maps 

Vi : g(ai) ® ^ ■ ■ ■ ® a q{ai) H- gj (aia(a2)a^(a3) ■ ■ ■a*"^(aj)); 

the pairs {Vi, a*) then form compatible isomorphisms of {Mf\ A) onto (Mj, a^{A)), and 
induce isomorphisms 6i of C{Mf^) onto £(Mj). One quickly checks that the isometries 
Ui of Corollary 14.61 satisfy 

Vi+iUiVr\q,{a)) = Vi+iUi{q{a) ®a 1 ■ ■ ■ ®a 1 
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= Vi+i{q{l) ®A q{a) ®^ ■ ■ ■ ® g(l)) 
= gi+i(a(a)) = ai{qi{a)), 

and similiarly Vif/*Vi+i(gj+i(a)) = qi{L{a)) = Li{qi^i{a)). Thus our endomorphism 
Ad Ui is carried into Exel's /?•. The isomorphisms 6'j combine to give an injection of our 
direct hmit Coo = lh^(C*i,0i) into lu^{C{Mi) , (pi) , and since = is carried into 
= Cj, the formula (14 .Sp implies that the range of this injection is span{aej6 : 
a, 6 G A}, which by [131 Proposition 4.9] is precisely A. So (Coo, /?) is indeed isomorphic 
to {A,f3'), and Corollary 14.71 extends [T3| Theorem 6.5]. 

5. Graph algebras as crossed products 

Let E = {E^ , ,r, s) be a locally-finite directed graph with no sources or sinks. 
We use the conventions of [3S]- Briefly, we think of E^ as vertices, E^ as edges, and 
r,s : E^ E'^ as describing the range and source of an edge. Locally finite means 
that E is both row- finite and column- finite, so that both r~^(t;) and s~^(w) are finite 
for every v E E^. We write E* for the set of finite paths fi = ni ... fin satisfying 
s(/ij) = r(/ij+i) for 1 < z < n — 1, and |/i| for the length n of this path. Similarly, 
we write E^ for the set of paths of length n and E°° for the set of infinite paths 
V = ^1^2 ■ ■ ■ ■ We equip the path space E'^ with the product topology inherited from 
which is locally compact and Hausdorff and has a basis consisting of the 
cylinder sets Z{fi) := {77 G E'^ : ?7i = /ii for 1 < z < parametrised hj fj, E E*. 

Now consider the backward shift a on E°° defined by o"(?7i?72 . . . ) = 'r]2V3 • • • • Since 
E has no sinks, a is surjective. Since E is column- finite, a is a local homeomorphism 
which is proper in the sense that inverse images of compact sets are compact (see [9l 
§2.2]). Since a is proper, a : f f o a is a. nondegenerate endomorphism of Co{E°°); 
since E is column- finite, a~^{ri) is finite, and 

defines a transfer operator L : Co{E°°) — Co(-E'°°) for a P, Lemma 2.2]. The same 
formula defines an operator L on Cfe(E°°) = M(Co(^°°)), so (Co(^°°), «, ^) is an Exel 
system. A partition of unity argument (as preceding [9l Corollary 4.2]) shows that the ac- 
tion of Co{E°^) on Ml is by compact operators. Hence Co{E^) x„ := 0{K^, Ml) = 
0{Ml). 

A Cuntz-Krieger E'-family in a C*-algebra B consists of a set {P^ : v G E^} of 
mutually orthogonal projections and a family {Tf, : e G -E^} of partial isometrics such 
that T*Te = Ps{e) for all e E E^ and = J2r{e)=vTeT* for all v E E^. The C*-algebra 
C*{E) of E is universal for Cuntz-Krieger i?-families; we write {t,p} for the universal 
Cuntz-Krieger E'-family that generates C*{E). See [36] for more details. 

For e G -E^, we define mg := |s~^(s(e))|^/^g(xz(e))- Since E is locally finite with no 
sources or sinks, we know from [9l Theorem 5.1] that 

Te := kM{me) = \s^^{s{e))\^^^kM{q{xz{e))) and P^ := kA{xz{v)) 

form a Cuntz-Krieger ii^-family in 0{Ml), and that vry^p : i— )■ Te and ^ Pv is an 
isomorphism of the graph algebra C*{E) onto Co{E°°) Xa,LN = 0{Ml). Note that ttt.p 



STAGEY CROSSED PRODUCTS ASSOCIATED TO EXEL SYSTEMS 13 

is equivariant for the gauge actions. Pulling over the endomorphism a' of Theorem 14.11 
gives an endomorphism (3 = vr^p o a' o vr^-p of the core 

C*{Ey = spaii{t^t* : fi,iy E E* satisfy = 

We are going to compute /3. 

Let = fii . . . fii he a. finite path and := m^^ ®^ ■ ■ ■ ®^ m^^. Then 

To compute (3 we first note that = Xz{r{p)) ■ f^^i and 

s{e)=fi 

So for paths /i and v of length i we have 
vrT,p(/3(V:)) = "'(^M^;) = a\k^^l{m,)kt;{m,r) 
= o^'{kf}{xz(ri^,)) ■ m^)kf}{xz(riu)) ■ m^Y) 

= fc^*+'(g(a(Xz{r(M))) ® m^)kf,t\qiaixz{riu))) ® m,)* (using gl])) 

s{e)=r{^t), s{f)=r{u) 
s(e)=r(/i), s{f)=r{u) 

Now recall that a' is conjugation by an isometry V = lirnxkMiqi^x)), where {e\} is 
is any approximate identity of Co{E°°). A quick calculation with, for example, the 
approximate identity {ep = '^efzpXzie)} indexed by finite subsets F of E^, shows that 
W := n^^p{V) = Eegsi \s~\s{e))\-^/%. So Theorem O gives: 

Proposition 5.1. Suppose that E is a locally-finite directed graph with no sources or 
sinks, and {te,py} is the universal Cuntz-Krieger E -family which generates C*{E). Then 
there is an endomorphism /3 of the core C*{E)"' such that 

(5.1) = E \s~\rmT"\,t%- 

s{e)=r{fj), s{f)=r{u) 

The series 

converges strictly in M{C*{E)) to an isometry W satisfying f3{t^tl) = Wt^tlW*. If l 
is the inclusion of the core C*{Ey' in C*{E), then the associated representation ixW 
of the Stacey crossed product C*{Ey' Xj^N is an isomorphism onto C*{E). 

Although we found the endomorphism /3 using our general construction, and were 
surprised to find it, we have now learned that other authors have shown that Cuntz- 
Krieger algebras can be realised as a Stacey crossed product by an endomorphism of the 
core (see [HTJ Example 2.5], f2T\ Theorem 3.2], and Remark 15.31 below). Now that we 
have found our /3 we should be able to prove Proposition 15.11 directly. Before doing this 
we will revisit the need for the hypotheses on the graph E: we used row-finiteness and 
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the lack of sources to get that the path space is locally compact, but a direct proof 
should not go through Cq{E°°). Our formula for /3, on the other hand, makes sense when 
E is column-finite and has no sinks: the coefficients in (15.1 1) are crucial, as we will see in 
the proof of the next result. It seems likely that column-finiteness is necessary. There is 
no obvious way to adjust for sinks, either: if we try to interpret empty sums as 0, then 
P{t^tl) would be if either fi or u ends at a sink, but this property is not preserved 
by multiplication. (If u ends at a sink but fi doesn't, then we'd have f3{tf^tl) = but 
/3((t^t*)(t^t*)) = 7^ 0.) So we settle for the following. 

Theorem 5.2. Suppose that E is a column-finite directed graph with no sinks, and 
{te,Pv} 'is the universal Cuntz-Krieger E -family which generates C*{E). Then there is 
an endomorphism /3 of the core C*{E)^ such that 

(5.2) = \s~\r{u))\Y"\,t%. 

s{e)=r{fi), s{f)=r{u) 

The series 

converges strictly in M{C*{E)) to an isometry W satisfying /3(t^t*) = Wt^tl,W* . If l 
is the inclusion of the core C*{Ey' in C*{E), then the associated representation l xW 
of the Stacey crossed product C*{Ey Xf^N is an isomorphism onto C*{E). 

Proof. We use the notation of §3] and Appendix A. For each v E E'^, {t^t* : = 
\i>\ = i,s(/i) = s(i/) = u} is a set of matrix units for J^i{v) (see [H page 312]). We 
claim their images e^,,^ under (3 in J^j+i(u), defined by the right-hand side of (15.21) . are 
also matrix units. The product c^^^Ck^x contains terms like t(,ijt*j^tg,^t*i^^^ which is zero 
unless f = g and u = n. Since we then have r(z/) = r{K,), the two central terms in the 
coefficient are the same, and 

E |.-^(r(^))|-V2|s-i(r(i.))|-i|.-i(r(A))|-VVL- 

s(e)=r(M), s{f)=r{u), s{h)=r{\) 

For fixed e and h, there are |s~^(r(i/))| edges / with s(/) = r(z/), and for each of these 
the summand is exactly the same. So 

s{e)=r(fi), s{h)=r{\) 

(Notice that the coefficients in the definition of e^^^, had to be just right for this to work.) 
Thus {e^^^} is a set of matrix units as claimed, and there is a well-defined homomorphism 
(3i : J-i(f) —J- J-i+i(f) satisfying (15. 2p (with (3 replaced by f3i). These combine to give a 
homomorphism Pi of = 0^ J^i(f) into J'i+i = ®^J^i+i{v). 

To define /3 on Cj := J-q + J-*! + ■ ■ ■ + J-i, we take the i-expansion c = Yl]=o'^j 
described in Proposition lA. 11 (b). and define /9*(c) = '^]=(j Pj{cj). The uniqueness of the 
i-expansion implies that this gives a well-defined function /3* on each Cf, to check that 
they give a well-defined function on IJi^o^*' need to check that /3*(c) = /3*"'"^(c) for 
c E Ci C Cj+i. Suppose that c G Cj has i-expansion c = J2]=o^j- Then the (z + 1)- 
expansion is c = (^^CgCj) + c- + (i, where c- G Si and c? G J-", fl J-^+i are uniquely 
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determined by q = c ■ + d. Lemma IA.2I implies that if t^t* belongs to J-^ fl J-^+i, then 
V := s(/i) = s{u) satisfies < |r~^(f)| < oo, and two apphcations of the Cuntz-Krieger 
relation at v show that 

r{g)=v 

E {\s-\r{M\s-\r{u))\Y''\,,t)^^ 

r{g)=v, s{e)=r{fig), s{f)=r{ug) 

E {\s-\rif^))\\s-\riu))\)-'\,t% 

s(e)=r(/i), s{f)=r{u) 

= am:)- 

Thus A(cD + P^+lid) = A(cO + Pi{d) = Piia). Thus 

i-1 i-1 
j=0 j=0 

At this stage we have a well-defined map f3 : IJi^o^* ~^ C*{E)'^ satisfying (15.21) . This 
map is certainly linear, and we need to prove that it is multiplicative. We consider 
t^tl G J^i and t^t^ G J-'j, and we may as well suppose i < j. Then multiplying together 
the two formulas for P^{t^tl) and [5^{tJ,*y) gives a linear combination of things like 
^efit*fu^gKt*h\- Because i < j, this product is unless = fun', and then it is te^i^dj^y 
So the sum collapses just as it did in the first paragraph, and we obtain the formula for 

Thus P is multiplicative. Since it is clearly ^-preserving, it is a *-homomorphism, and as 
such is automatically norm-decreasing on each C^. Thus /3 extends to an endomorphism, 
also called /3, of = C*{Ey. 

Next, note that for each v G E'^, the partial isometries {te '■ s{e) = v} have the 
same initial projection p„, and mutually orthogonal range projections tetl, . — 

'^s(^e)=v k~^(^OI~^^^'^e is a partial isometry with initial projection py and range projection 
'^s{e)=v=s{f) \s^^{'v)\^^tet*f- Now the partial isometries {T^ : v G E^} have mutually 
orthogonal initial projections and mutually orthogonal range projections, and hence 
their sum converges strictly to a partial isometry W with initial projection ^^^^o Pv = 
1m(c*(£;))- In other words, W is an isometry. 

The covariance relation Pit^tD = Wt^tlW* is easy to check, and the universal prop- 
erty of the Stacey crossed product {C*{E)'^ Xj^ N,ic*(E)i ,v) gives a homomorphism 
LxW such that {l x W)oiQ*(^^-^-t = l and {l x W){v) = W. This homomorphism satisfies 
{l X W) o = 72 o (i X W), and since l is faithful (being an inclusion), the dual-invariant 
uniqueness theorem (Proposition 13. ip implies that lxW is injective. The range contains 
each te = \s~^{s{e))\^^'^L{tetl)W, and hence l x W is surjective. □ 

Remark 5.3. When the graph E is finite and has no sinks, the endomorphism /3 has 
also been found by Kwasniewski [21]. He proves in [2T1 Theorem 3.2] that C*{E) is 
isomorphic to a partial-isometric crossed product C*{Ey' x^ Z as introduced in [3]. He 



'It is important here that there are only finitely many summands, so column-finiteness is crucial. 
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then applies general results about partial-isometric crossed products from [3] and [2T1 
§1] to {C*{E)'^,P), and recovers many of the main structure theorems for graph C*- 
algebras, as they apply to finite graphs with no sinks §3]. For such graphs E, the 
endomorphism /3 is conjugation by an isometry in C*{E) and is injective. Theorem 4.15 
of [3] implies that C*{Ey X/jZ is isomorphic to the Exel crossed product C*{Ey X/3,ii-N, 
where K = I3~^ o Ad/3(1). We can then deduce from [121 Theorem 4.7] that C*{E) is 
isomorphic to the Stacey crossed product C*{Ey N, as in Theorem 15.21 

Example 5.4. Suppose that E is the bouquet of n loops on a single vertex, so that 
C*{E) is the Cuntz algebra On- Then /3 is not quite the same as the endomorphism a 
in the usual description of 0„ as a Stacey crossed product of its core [HI [381 E| , which 
is defined in terms of the infinite tensor-product decomposition = Mn{C) by 

a : <S>T=i H- eii ® ( <S>'kL2 ^^k-i) ■ But it is closely related: p = ■ also a 

rank-one projection, and 

(5.3) /3( (8)~ 1 a,)=p^{ <^Z2 • 

If M is a unitary matrix such that ueuu* = p, then u ® 1 is a unitary in (^^^ M„(C) 
such that (u (g) l)a(a)(ti ® 1)* = (3 (a) for all a G <S>T=i ^n(*^)- particular, the crossed 
products O'^x^N and O^^ x^N are isomorphic. This argument would work for any choice 
of rank-one projection p; ours has the advantage that no obvious choice is necessary. 

One naturally asks whether it is a coincidence that our convoluted constructions yields 
essentially the same endomorphism, and we will show in the next section that for every 
projection p in M„(C), rank-one or not, there is an endomorphism /3p of On satisfying 
(15.31) . Particularly interesting is the endomorphism associated to the identity matrix 
In, which turns out to be the "canonical endomorphism" /3i(a) H- XlILi ■^jos*. Since /3i 
is unital, the Stacey crossed product is not interesting, but there is a natural transfer 
operator, and hence a potentially interesting Exel crossed product. We will study this 
in the next section. 

Remark 5.5. In a graph algebra C*{E), it does not seem to be so easy to write down 
other endomorphisms of the core, or at least ones which are not unitarily equivalent to 
the (3 of Theorem 15.21 The map /3i : a h-)- V^^^i SgOS* which is sometimes referred to 
as the "canonical endomorphism," is not a homomorphism for most graphc). 

6. Endomorphisms of the UHF core of On 

We fix n > 2, and view the UHF algebra A := UHF(n°°) as the direct limit of the 
tensor powers M^^ of M„(C) with bonding maps 0fc : ai ■ ■ ■ ctfc ai ® ■ ■ ■ ctfc ® 1- 
We think of elements of A as infinite tensors, so we write ai ® ■ ■ ■ ® Ofc ® loo for the 
image of ai ® ■ ■ ■ ® Ofc G M®*^ in A. These elements span a dense *-subalgebra of A. 

Let {cij '■ I < i,j < n} he the usual matrix units in M„. Then the elementary tensors 
^^J.u '■= ^ij,iui ® ■ ■ ■ <8) e^^j,^ parametrised by multiindices ^,iy G {1, . . . , n}^ are matrix 
units which span M^''. The next lemma is standard. 



To see this, consider a pair of paths /x, v with s{fj.) = s{v) but r(/Lt) 7^ Since SeS/^ = unless 

s(e) = r(/z), and similarly for s*s*, we have /3i(s^s*) = 0, but /3i((s^s*)(s^s*)*) = /3i(s^s*) ^ 0. 
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Lemma 6.1. Let {si : 1 < i < n} be the universal Cuntz family in On, and /ei 7 : T — )■ 
Aut On he the gauge action. Then there is an isomorphism ip of A onto such that 

Ipi^fiu ® loo) = Sfj^Sj^ := s^^ ■ ■ ■ S^^Sjj^ ' ' ' -^vi- 

We now take N < n, and let p be the diagonal matrix In ® ^n-N in Mn- Then 
the maps : a 1— )■ p ® a of M®'^ into M®^''+^^ are homomorphisms which satisfy 
ttfc+i o 0^ = (pk+i o «fc, and hence induce an endomorphism a oi A such that 

(6.1) a{ai ® ■ ■ ■ ® Ofc ® loo) = p ® ai ® ■ ■ ■ ® Ofc ® loo- 
Next, we identify the corner pMnP with Mn{C) in the obvious way, and let tr : pMnP — ?■ 
C be the normalised trace on pMnP- 

Lemma 6.2. There is a positive linear map L : A ^ A such that 

(6.2) L{ai ® ■■ ■ ® ttk® loo) = ti{paip){a2 ® ■ ■ ■ ® ak® loo)- 
Then L is a transfer operator for a, and L is almost faithful. 

Proof. Define : M®^^'+^^ -> M^^ by Lk{ai®---®ak+i) = tr(paip)(a2®- ■ -^afc+i). A 
calculation shows that (j)k°Lk = Lk+i o(j)k+i, so the Lk combine to give a linear function 
L on the dense subalgebra [Jk^n^ '^^ ^ satisfying (16.21) . Each Lk is positive and linear 
with Lfc(l) = 1, and hence is norm-decreasing; since the inclusions of the M®'^ in A are 
norm-preserving, the map L is norm-decreasing on [J^ M^'^, and hence extends uniquely 
to a norm-decreasing linear map L : A ^ A. It is positive because each Lk is. 
To see that L is a transfer operator, we take a, 6 G M®^ C A and calculate: 

L{a{a)h) = L{phi ® 0162 ® ■■ ■ ® ak^ibk ® ak ® loo) 

= tr{pbi){aib2 ® ■ ■ ■ ak^ibk ® ak ® loo) 

= tr{pbip){aib2 ® ■ ■ ■ ® ak-ibk ® ak ® loo) 

= {ai ® ■ ■ ■ ® ttk ® loo) tr(p6ip)(62 ® ■ ■ ■ ®bk® loo) 

= aL{b). 

Next we use Lemma [6. II to view A as a subalgebra of On, set X := {1, . . . , n}°°, and 
let lis '■ On B{i'^{X)) be the infinite path representation. Let {6^ : x G X} be the 
usual basis for £^(X). Then we claim that 

N 

(6.3) {7rs{L{a))6^ \ 6y) = ^ {TTs(,a)Six I ^iy) for a G A and x,y e X. 

1=1 

It suffices by linearity and continuity to check this for a = 6^1, ® loo- Then with fi = fiifi' 
and u = z/iz/', 

{7rs{L{a))5^ \ 5y) = (vr5(tr(pe^^^^p)e^/^/ ® loo)4 I Sy) 
vanishes unless jj^i = < N , and if so, 

{'Ks{L{a))5, I 5y) = N-\S,,S:,5., \ 5y). 
The sum on the right-hand side of (16.31) is 

N N 
1=1 i=l 
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the ith summand vanishes unless Ui = i = fii, which in particular forces I'l = Hi < N; 
then S*6ix = S*,6x, so the right-hand side of (16.31) also reduces to N^^{S^'S*,Sx \ Sy), 
and we have proved fl6.3p . 

To see that L is almost faithful, suppose that a & A has the property that L{{ab)*ab) = 
for all b E A. Then, with tts as in the previous paragraph, we have 

{7rs{L{{abyab))6x \ 6^) = for all 6 G A, x G X 

N 

=^ ^ {7isi{abyab)Six \ Si^) = for all 6 G A, x G X 



i=l 

N 



[ns{ab)6ix \ Tfs{cib)6ix) = for all 6 G A, x G X 



i=l 
N 



||7r5(a6)(5ia;||^ = for all & G A, X G X 



i=l 

=^ \\'n-s{ab)6ix\\'^ = for alH < X, 6 G A, x G X. 
We can in particular take b = eji ^ loo for any j < n, and deduce that 

= \\TTs{ab)6ix\\ = \\7is{a)SjS*6ix\\ = \\Trs{a)6jx\\ 

for all j < n and x G X; since {6jx '■ j < n, x G X} = {6y : y G X}, we deduce that 
7i"5(a) = and a = 0. Thus L is almost faithful. □ 

Now we have an Exel system {A, a, L), and it is natural to ask what the Exel crossed 
product A Xq,,l N is. 

Lemma 6.3. The elements 

{Eij := N'^^ie^j 1^) : 1 < i < n, I < j < N} 

form an orthonormal basis for the right Hilbert A-module Ml. 

Proof. The Hilbert module [Ml) a is the completion of A in the seminorm defined by 
the inner product (a, b) := L{a*b). Write Oi G M„ as Yl^j=i^ij^ij some Cij G C. A 
calculation shows that ||(ai — aip) ® 02 ® ■ ■ ■ ® (g> loolP = 0. Since also Cijp = for 
j > N we have 

q{ai ® ■ ■ • (g) ttfe (g) loo) = qicLiP ® 02 ® ■ • • (8) Ofc (g) loo) 

n N 

= ^ ^ Cijq{eij ® a2 ® ■ ■ ■ ® Cfc (g) loo) 
i=i j=i 

n N 

= ^ ^ CijqiCij (g) loo) ■ (02 (g) ■ ■ ■ (g) Cfc (g) loo)- 

1=1 j=l 

Thus the E^j generate Ml as a right Hilbert A-module. To see that {Eij} is orthonormal, 
we compute {Eij,Eki) = N tT{pe*jekip)lA- the product eljCki vanishes unless i = k, and 
then {Eij, En) = 1a when j = I and otherwise. □ 
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Lemma 6.4. Suppose {Tij : 1 < i < n, I < j < N} is a Cuntz family of isometries in 
a C*-algebra C. Then there is a unital homomorphism vr^ : A — )• C such that 

(6.4) T*j'7iT{a)Tki = TiTiiEij, a ■ Eki)) for all a E A and ij, kl. 

Proof. For /i, z/ G {1, . . . , n}^ we define T^^, := T^-^^^ ■ ■ ■ T^^^^. We claim that 

AG{l,...,Af}'= 

is a family of nonzero matrix units in C such that ^^g{i „}fc -^^/^ ~ Since {Tij} is a 
Cuntz nA^-family, {T^a} is a Cuntz (nA^) '^-family, and hence X]^e{i n}'= -^mm ~ Since 
the T^A are isometries with orthogonal ranges, the F^y are nonzero, and 

J^fiuJ^uT — / ^ -'^A-'i/A-'o-tj-'T-w 

A,wG{l,...,7V}* 

is either or 0. 

So for each /c, there is a homomorphism iik '■ M®^ — )■ C such that nk{e^u) = F^^. For 
a = e^,^ G M®'^, we have 

n n 

TTk+iia® 1) = ^TTk+iie^u ® Cii) = y^7rfc+i(e(^i)(^j)) 

i=l i=l 
n 

= ^(Mi)A7'(t.i)A 

i=l AG{1,...,A'}'=+1 

n N 

A'6{l,...,Ar}'= i=l i=l 

n AT 

A'e{i,...,Af}'= «=i i=i 

A'6{l,...,Ar}fe 

Thus we have a well-defined unital homomorphism ttt '■ A ^ C such that 

TTriei^y ® loo) = 5Z ^M^<^*A' 
\e{i,...,N}'' 

and it remains for us to check that {ttt, {Tij}) satisfy (16.41) . It suffices to check this on 
a of the form e^j, ® loo- 

So suppose e^^ G M®''^'''"'^^ Then 

T^j-Kxie^u ® ^co)Tki = Tij(^ ^ T^iAi ■ ■ ■ T^k+i^k+iTu^+jX^+i ' ' ' ^t^x^Tki. 



AG{l,...,Af} 



fc+i 
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The A-summand vanishes unless ij = fiiXi and uiXi = kl, so all terms vanish unless 
j = I, i = fii and k = Ui. Thus if we again write /i = /ii/i', etc, then 



(6.5) nMe^^u ® loom 



kl 



EA'e{i,...,JV}'= Tf,'x'T*,y if j = /, i = /ii and k = Ui 
otherwise. 



On the other hand, we have 

7iT{{Eij, e^^ ■ Eki)) = N^^'^7iT{{Eij, {Cf^^^^eki) ® e^/^/ ® loo)) 

unless k = ui 

A^^/Vr((^ij, e^,i (g) e^/^/ (g) loo)) ii k = vi 

unless k = vi 

A^7rr(tr(pe*j.e^,;p)(e^/^/ ® loo)) ii k = vi 

unless k = ui, i = fii and j = / 

N'Kj'{N~^{e^ii,i ® loo)) ii k = vi, i = ni and j = /, 

which is the same as fl6.5p . □ 

To finish our analysis of A xia.L^ we need a general lemma. First, recall that a finite 
set {Fi : 1 < i < A;} in a right Hilbert 5-module M is a Parseval frame if 

k 

(6.6) m = Fj ■ (Fj, m) b for every m G M. 

i=l 

Lemma 6.5. Let {B,P,K) be an Exel system with B unital. Suppose that 

is a Parseval frame for Mx, that tt : B ^ C is a unital homomorphism, and that 

{Si ■.\<i<k}isa Cuntz family of isometries in C such that 

(6.7) S*-K{b)Sj = 7r((Fi, b ■ Fj)K) for all b e B and l<i,3 <k. 
Define ip : Mk C by 

k 

tjj[m) = ^Si7r{{Fi,m)K)- 

i=l 

Then {ijj,7r) is a Cuntz-Pimsner covariant representation of Mk in C such that ip{Fi) = 
Si for all i. 

Proof. Let m,n & Mk and b E B. We compute: 

k k 

^{m ■ 6) = ^ SiTi{{Fi , m ■ 6)^) = ^ SiTi{{Fi , m)/<6) = ip{m)TT{b), 



i=l i=l 



^(m)*^(n) = ' m)Krs:S,Ti{{F^ , n)^') 

k 
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k 

= 7r((m, n)K), 



and 



-771) = ^ ^,7r((i^, , b ■ m)K) = E -^.TT ((f, , 6 ■ 5^ ■ (F, , m)K 

i=l 2=1 i = i 

fc k 

= J2 S^7r{{F, , b ■ F,)k{F, , m)K) = ^ S,S*7r{b)Sj7r{{Fj , m)K 

7=1 i,J=l 
k n 

Y,S^S:)(Y,^{b)S,7T{{F, , m)K)) = TTib^m). 



i=l j=l 



Thus {tp, vr) is a representation of Mi^. Next we check the Cuntz-Pimsner covariance of 
(■?/', vr). Using the reconstruction formula (I6.6p we see that 



(j){b)m = J2b-{Fi- {Fi, m)K) = " ^0 " i^i ' = E ©fe-F^F, 

1=1 i=l 1=1 

Thus 

i=l i=l 

k k 

= J2 n{b)m)^{F,y = 7T{b) ( S,S:) = 7r{b), 



i=l 1=1 

and so vr) is Cuntz-Pimsner covariant. Using (16. 7p we have 

k k 
i=l i=l 

since vr is unitaL □ 

Theorem 6.6. Let A := UHF(n°°) and {A,a,L) the Exel system described by (I6.ip - 
(16. 2p . Then there is an isomorphism ip x ir of A >ia,L N = 0{Ml) onto Oun- 

Proof. We parametrize the set {1, . . . , riA^} by {ij : 1 < i < n, I < j < N}, and 
apply Lemma (6.41 to the canonical Cuntz family s = {sij} in OnN- This gives a unital 
homomorphism tt^ : A — )■ OnN such that (16.40 holds. The orthonormal basis {Eij} of 
Lemma [6.31 is in particular a Parseval frame, and so Lemma [6.51 gives a Cuntz-Pimsner 
covariant representation ('?/', vr^) of Ml in OnN such that ip{Eij) = Sij. To see that 
ip X IT s is injective, we verify the hypotheses of [H Corollary 5.3]. Since A is simple 
and vr^ is nonzero, vr^ is injective. The reconstruction formula for {Eij} implies that 
= J2ij^a-Eij,Eij, and in particular that 4>{A) C /C(Mj^). Since A is simple, the 
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ideal /lQ;(yl)yl is all of A, and this implies that Ka = A = cf) ^{1C{Ml)). Lemma [6l2] says 
that the transfer operator L is almost faithful. The gauge action 7 on OnN satisfies 

(6.8) '^^{il){Eij)) = jz{sij) = zsij = ip{zEij) = ^p{az{Eij)). 

Thus [H Corollary 5.3] implies that ^ x tTs is an isomorphism of A xIq, ^.N into OnN- Since 
the range of ip x ttt contains every generator Sij = ns{Eij), ip x iTg is also surjective. □ 

Remark 6.7. Since the isomorphism of Theorem 16.61 intertwines the dual action a and 
the gauge action 7 on OnN (see (16.81) ). it carries the fixed-point algebra {A Xa,L N)" 
onto = \JRF{{nN)°°). So Corollarv 14.21 gives a description of A Xq^l N as a Stacey 
crossed product by a corner endomorphism on \JHF{{nN)°°). 

The rank of the projection p G Mn{C) in Theorem 16. 6l is constrained by 1 < < n. 
However, it is relatively easy to remove this constraint. 

Corollary 6.8. Let m,k & N, let p G M®'^ be a projection of rank N, and let tr be 
the normalised trace on pM®^p. Then there are an endomorphism a of UHF(m°°) = 
Ih^^. M^^huch that 

a{ai ® ■ ■ ■ ® aj ® loo) = p ® ai ® ■ ■ ■ ® aj ® loo, 
and a transfer operator L for a such that 

L{ai ® ■ ■■® Oj® loo) = tr(paip)(a2 ® ■ ■ ■ ® aj ® loo)- 
Then UHF(m°°) x^^l N is isomorphic to O^kiy. 

Proof. The results of this section apply with n = to give a system (UHF(n°°), a, L) 
with UHF(n°°) Xq,,l N isomorphic to O^k^. Choosing an isomorphism of with 
Mn gives an isomorphism of UHF(m°°) = lin^^. M®^^ onto UHF(?7,°°) = hm^. M®^ , and 

pulling a and L over to UHF(m°°) gives an Exel system (UHF(m°°), a, L) with the 
required properties. □ 



Appendix A. The core in a graph algebra 

Suppose that E is an arbitrary directed graph, which could have infinite receivers, 
infinite emitters, sources and/or sinks. In Theorem 15.21 we wanted a description of the 
core C*{E)"' which did not depend on row-finiteness, and since we cannot recall seeing a 
suitable description in the literature, we give one here. As in the row-finite case, which 
is done in [1] and [36], our description uses the subspaces 

J^i := span{t/,t* : = \u\ = i, s{fi) = s{u)}, 

which one can easily check are in fact C*-subalgebras. (By convention, J^q = span{p„ : 
V G E°}.) 

We refer to vertices which are either infinite receivers or sources as "singular vertices" . 
Recall that no Cuntz-Krieger relation is imposed at a singular vertex v, but if v is an 
infinite receiver then we impose the inequality p^ > YleeF every finite subset F 

of r^^{v). 
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Proposition A.l. Let E be a directed graph, and define J-^ as above. 

(a) For i > 0, Ci := J^o + J^i -\ \- J^i is a C* -subalgebra of C*{E)'^ , Ci C Cj+i and 

(b) For each i > and each c & Ci, there are unique elements 

Cj G Sj := spanjt^t* : = |z/| = j and = s(i^) is singular} 

for < j < i and Ci G J^i such that c = Yl]=o ■ 

Since Ci C Cj for i < j, an element of Cj has lots of the expansions described in (b). 
We refer to the one obtained by viewing c as an element of Cj as the j -expansion of c. 



Proof of Proposition lA.lT a) . Since Ci is a vector space containing every element of 
the form t^t* with = it is dense in C*{Ey, and we trivially have Ci C Cj+i. We 
prove that Ci is a C*-subalgebra by induction on i. For i = 0, it is straightforward to see 
that Co = J-Q is a C*-subalgebra. Suppose that Ci is a C*-subalgebra. If \k\ = \\\ = i + 1 
and \fi\ = li^l < i + 1, then the formula 



(t.tDitji) 



unless k has the form uk' 

t^K'^l ii K = uk' 



shows that J-j+i is an ideal in the C*-subalgebra C*(Cj+i) of C*{E)"' generated by Cj+i. 
Since Ci is a C*-subalgebra of C*(Cj+i), the sum Cj+i = Cj+J-i+i is also a C*-subalgebra 
(and in fact C* (Cj+i ) = + = C^+i ) • □ 

For part (b), we need to do some preparation. The standard argument of [H §2] or 
[36l Chapter 3] shows that, for fixed i and v & E^, 

{V^ ■ = W\ = h = s(z/) = v} 

is a set of non-zero matrix units, and hence their closed span J^i{v) is a C*-subalgebra 
of J^i isomorphic to /C(£^(£'* fl s~^{v))). Since J^i{v)J^i{w) = {0} for v w, J^i is the 
C*-algebraic direct sum 0^g£.o J^i{v). For j satisfying < j < i, we set 

Dj-i := -Fj H h = spiii{t^t* : j < = < z, s{fi) = s{u)}, 

which is another C*-subalgebra by the argument in the previous proof. It is an ideal in 
Cj. Now we prove a lemma. 

Lemma A. 2. For every i > 1 and every j < i, we have 

if V is a singular vertex 

J^jiy) ifO< \r^^{v)\ < oo. 



Proof. The result is trivially true if J^j{v) is {0}, so we suppose it isn't. Since J^j{v) fl 
Dj+i,i is an ideal in J^j{v), it is either {0} or J^j{v). First suppose that v is not a singular 
vertex. Then the Cuntz-Krieger relation at v implies that J^j{v) C Dj+i^j, and hence 

Now suppose that J^j{v) flDj+i^j = J^j{v); we will show that v is not singular. Choose 
H &E^ with = V. Then t^t* is a non-zero element of Z)j+i^j, so there exist k, and 
A satisfying j + I < \n\ = \\\ < i and (t^t*^)(t^tl) ^ 0. But this implies that k has the 
form /xk', and v = s{fj,) cannot be a source. It also imphes that t^t*tj,*^ is non-zero, and 
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hence so is the larger projection tpt*^t^iKj+^'tliKj+^- Thus J^jiy) fl J^j+i 7^ {0}, and since 
J^j{v) n J^j+i is an ideal in J^j{v), it follows that J^j{v) fl J^j+i = J^j{v). 

We now know that the projection t^t* belongs to J^j+i, and hence is a projection in a 
C*-algebraic direct sum ^^j&eo •^j+'^i'^)- '^^^ norms of elements in this direct sum are 
arbitrarily small off finite subsets of E^, and projections have norm or 1, so there are 
a finite subset F of and projections G J^j+i{w) such that t^t* = X]«,eF9'«'- Each 
Qw is a projection in J^j^i{w) = }C{£'^{E^~^^ fl s^^(w))), and hence has finite trace. Thus 
tfj^t*^ has finite trace. On the other hand, for every edge e with r(e) = = v, we have 
t^it*^ > tf^etlie', since {t^et*^e '■ ^{e) = s(/i)} is a family of mutually orthogonal projections 
of trace 1, we have 

Tr(V;)> Yl Mt,X,J = \r-\s{f,))\ = \r-\v)\. 

r(e)=s{fj.) 

Since we have already eliminated the possibility that w is a source, this proves that it is 
not a singular vertex, as required. □ 

Proof of Proposition lA.lT b) . Lemma IA.2I implies that 

n = ^{T,{v) : < \r-\v)\ < 00}, 

and that J-'j is the direct sum of fl -Dj+i,j and 

Sj = ^^{J^j{v) : f is a singular vertex}. 
Since Dj i = + -Dj+i,i, we have 

= Jo + Di,i = {£0 + {J^o n Di^i)) + Di,, = ^0 + Di,, 
= So+ (^1 + (J-i n D2,^)) =£0 + ^1 + D2,^ 

= £q + ■ ■ ■ Si^i + Di^i = Sq + ■ ■ ■ Si^i + J^i, 

which shows that c has the claimed expansion. 

To estabhsh uniqueness, suppose that Cj,dj G Sj for j < i, that Ci,di G J-'j, and that 
^*=o ~ Si=o dj- Then cq — lio = S}=i('^i ~ cj) belongs to Sq fl J-q, because the left- 
hand side does, and to Di i, because the right-hand side does. Since J-q = £^o©('^on-Di,i), 
we have Sq fl (J-q fl -Di,i) = {0}, and we deduce that cq = do and J2]=i = Si=i '^i- 
Now an induction argument using £j fl (Fj fl -Dj+i,j) = {0} gives the result. □ 
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